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Tree BFS

TREEBFS(T')

1 ENQUEUE(Q,RooT1(T))

2 while !EMPTY(Q)

3 v — DEQUEUE(Q)

I Visit(v)

5 for all ¢ € CHILDREN(v)
6 ENQUEUE(Q, ¢)

Running time of Tree BFS

Adjacency list
e How many times does it visit each vertex?
e How many times is each edge traversed?
° O(IVI+|E)
Adjacency matrix
o For each vertex visited, how much work is done?
e O(VP)

TrREEBFS(T)
1 ENQUEUE(Q,Root(T"))

2 while !'EMPTY(Q)

3 v «— DEQUEUE(Q)

4 VisiT(v)

5 for all ¢ € CHILDREN(v)
6 ENQUEUE(Q, ¢)
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BFS Recursively

Hard to do!

TREEBFS(T')
1 ENQUEUE(Q,RooT1(T))
2 while !EMPTY(Q)

3 v — DEQUEUE(Q)

4 VisiT(v)

5 for all ¢ € CHILDREN(v)
6 ENQUEUE(Q, ¢)

BFS for graphs

What needs to change for graphs?

Need to make sure we don't visit a node multiple times

_®
® 6

BFS(G, 5)
1 foreachv eV distance variable keeps
2 dist[v] =5 track of how far from
3 dist[s] =0 «———— the starting node and
f E:’QIUE'E?\(IgT\S)(Q) whether we've seen the
2 while 4
6 u — DEQUEUE(Q) node yet
7 VisiT(u)
8 for each edge (u,v) € E
9 if dist[v] = oo
10 ENQUEUE(Q,v)
11 dist[v] — dist[u] + 1

_®
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TREEBFS(T)

BFS(G.s) v 1 ENQUEUE(Q,Root(T))

1 for each v 'e V 2 while 'EMPTY(Q)

2 dist[v] = oo 3 v« DEQUEUE(Q)

3 dist[s] =0 4 VisiT(v)

4 ENQUEUE(Q.S) 5 for all ¢ € CHILDREN(v)
5 while 'EMPTY(Q) 6 ENQUEUE(Q. ¢)
6 u +— DEQUEUE(Q)

7 VisiT(U)

for each edge (u,v) € E
if dist[o] = oo
ENQUEUE(Q. v)
dist[v] — dist[u] + 1
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BFS(G, 5) BFS(G.s)
1 foreachv eV 1 foreachv eV
9 dist[v] = oo set all nodes 9 dist[v] = o0
3 dist[s] =0 as unseen 3 dist[s] =0
4 ENQUEUE(Q.s) 4 ENQUEUE(Q,s)
5 while !EMPTY(Q) 5 while 'EMPTY(Q)
6 u — DEQUEUE(Q) 6 u — DEQUEUE(Q)
7 VisiT(u) 7 VisiT(u)
8 for each edge (u,v) € B 8 for each edge (u.v) € E check if the node
9 if dist[v] = oo 9 if dist[v] = oo ‘ has been seen
10 ENQUEUE(Q. v) 10 ENQUEUE(Q. 0]
11 dist[v] — dist[u] +1 11 dist[v] — dist[u] + 1
BFS(G.s) BFS(G,s)
1 foreachv eV T foreachveV
2 dist[v] = 0o 2 dist[v] = o0
3 dist[s] =0 3 dist[s] =0
4 ENQUEUE(Q.s) 4 ENQUEUE(Q.s)
5 while !EMPTY(Q) 5 while [EMPTY(Q)
6 u — DEQUEUE(Q) 6 u — DEQUEUE(Q)
7 Visit(u) 7 VisiT(U)
8 for each edge (u,v) € B 8 for each edge (u,v) € E
9 if dist[v] = oo 9 if dist[v] = oo
10 ENQUENE(Q,2) set the node as seen 10 ENQUEUE(Q. v)
11 dist[v] — dist[u] + 1‘ and record distance 11 dist[v] — dist[u] + 1
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BFS(G. 5)
BFS(G.s) 1 foreachwveV
1 foreachwveV 2 dist[v] = oo
2 dist[v] = 0o 3 dist[s] =0
3 dist[s] =0 4 ENQUEUE(Q.s)
4 ENQUEUE(Q.s) 5 while IEMPTY(Q) Q:
5 while !EMPTY(Q) Q:A 6 u — DEQUEUE(Q)
6 u — DEQUEUE(Q) 7 VisiT(U)
7 VisiT(u) S for each edge (u,v) € E ‘
8 for each edge (u,v) € E 9 if dist[v] = 0
0 if dist[v] = oo 10 ENQUEUE(Q.v)
10 ENQUEUE(Q, v) 1 dist[v] — dist[u] + 1
11 dist[v] — dist[u] + 1 o
- ®
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BES(G. 5)
BFS(G.s) 1 foreachveV
1 for each v eV 2 dist[v] = o0
2 dist[v] = 0o 3 dist[s] =0
3 dist[s] =0 4 ENQUEUE(Q,s)
4 ENQUEUE(Q,s) 5 while [EMPTY(Q) QE,B
5 while [EMPTY(Q) Q:D,E,B 6 u — DEQUEUE(Q)
6 u — DEQUEUE(Q) 7 VisiT(U)
7 VisiT(u) S for each edge (u,v) € E ‘
8 for each edge (u,v) € E 9 if dist[v] =
9 if dist[v] = oo 10 ENQUEUE(Q,v)
10 ENQUEUE(Q, v) ‘ 11 dist[v] — dist[u] + 1
11 dist[v] — dist[u] + 1
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BFS(G.s)

BFS(G. s)

1 for each v eV 1 foreachv eV

2 dist[v] = 0o 2 dist[v] = 0o

3 dist[s] =0 3 dist[s] =0

4 ENQUEUE(Q.s) 4 ENQUEUE(Q.s)

5_ while IEMPTY(Q) Q:B 5 while IEMPTY(Q) QB
6 u «— DEQUEUE(Q) 6 u +— DEQUEUE(Q)

7 VisiT(U) ‘ 7 VisiT(U)

8 for each edge (u,v) € E 8 for each edge (u,v) € E

9 if dist[v] = oo 9 if dist[v] = ‘
10 ENQUEUE(Q,v) 10 ENQUEUE(Q.v)
11 dist[v] — dist[u] + 1 11 dist[v] — dist[u] + 1
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BFS(G, 5) BFS(G. s)

1 for each v e V' 1 foreachv eV

2 dist[v] = 0o 2 dist[v] = 0o

3 dist[s] =0 3 dist[s] =0

4 ENQUEUE(Q.s) 4 ENQUEUE(Q.s)

5 while 'EMPTY(Q) Q: 5 while !EMPTY(Q) Q:
6 u «— DEQUEUE(Q) 6 u +— DEQUEUE(Q)

7 VisiT(U) ‘ 7 VisiT(U)

8 for each edge (u,v) € E 8 for each edge (u,v) € E

9 if dist[v] = oo 9 if dist[v] = 0 ‘
10 ENQUEUE(Q,v) 10 ENQUEUE(Q.v)
11 dist[v] — dist[u] + 1 11 dist[v] — dist[u] + 1
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BFS(G.s) BFS(G.s)
1 foreachwveV 1 foreachveV
2 2 dist[v] = 0o
3 3 dist[s] =0
4 ENQUEUE(Q.s) 4 ENQUEUE(Q.s)
5 while !EMPTY(Q) Q: F, C 5 while !EMPTY(Q)
6 u «— DEQUEUE(Q) 6 u «— DEQUEUE(Q)
7 VisiT(U) 7 VisiT(U)
8 for each edge (u,v) € E 8 for each edge (u,v) € E
9 if dist[v] = o0 9 if dist[v] = o
10 ENQUEUE(Q,v) 10 ENQUEUE(Q,v)
11 dist[v] — dist[u] +1 11 dist[v] — dist[u] + 1
2 2
0 1 /. 0 1 /.
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BFS(G.s) BFS(G.s)
1 for each v e V' 1 for each v € V/
2 dist[v] = 0o 2 dist[v] = 0o
3 dist[s] =0 3 dist[s] =0
4 ENQUEUE(Q.s) 4 ENQUEUE(Q.s)
5 while !EMPTY(Q) 5 while !EMPTY(Q)
6 u «— DEQUEUE(Q) 6 u «— DEQUEUE(Q)
7 VisiT(U) 7 VisiT(U)
8 for each edge (u,v) € E 8 for each edge (u,v) € E
9 if dist[v] = oo 9 if dist[v] = o
10 ENQUEUE(Q,v) 10 ENQUEUE(Q,v)
11 dist[v] — dist[u] +1 11 dist[v] — dist[u] + 1
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Is BFS correct?

Does it visit all nodes reachable from the starting node?
Can you prove it?

Assume we “miss” some node ‘U’, i.e. a path exists, but
we don't visit ‘u’

& — O

Is BFS correct?

Does it visit all nodes reachable from the starting node?
Can you prove it?

Find the last node along the path to ‘u’ that was visited

0—---/@‘0—---~0

why do we know that
such a node exists?

Is BFS correct?

Does it visit all nodes reachable from the starting node?
Can you prove it?

We visited ‘z’ but not ‘w’, which is a contradiction, given
the pseudocode

. 0@ —0©

contradiction

Is BFS correct?

Does it correctly label each node with the shortest
distance from the starting node?

BFS(G.s)
for each v € V'
dist[v] = o0
dist[s] =0
ENQUEUE(Q. s)
while 'EMPTY(Q)
u «+— DEQUEUE(Q)
VisiT(U)
for each edge (u,v) € E
if dist[v] = o
ENQUEUE(Q,v)
dist[v] — dist[u] +1

IS o RS R R R

—
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Is BFS correct?

Does it correctly label each node with the shortest
distance from the starting node?

Assume the algorithm labels a node with a longer
distance. Call that node ‘u’

[ N

Is BFS correct?

Does it correctly label each node with the shortest
distance from the starting node?

Find the last node in the path with the correct distance

. — 00— —©0

correct  incorrect

Is BFS correct?

Does it correctly label each node with the shortest
distance from the starting node?

Find the last node in the path with the correct distance

. — 00— —0©0

contradiction

BFS(G,s)

1

[N )

© o
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Runtime of BFS

Nothing changed over our analysis of TreeBFS

. TrREEBFS(T')
for each v €V .
dist[v] = o0 1 hNQrE(_E(Q. RooT(T))
dist[s] =0 2 while ![EMPTY(Q)
ENQUEUE(Q. s) 3 v «— DEQUEUE(Q)
while 'EMPTY(Q) 4 VisiT(v)
u — DEQUEUE(Q) 5 for all ¢ € CHILDREN(v)
VisiT(u) 6 ENQUEUE(Q. c)
for each edge (u,v) € £
if dist[v] = oo
ENQUEUE(Q.v)
dist[v] — dist[u] + 1
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Runtime of BFS

Adjacency list: O(|V| + |E|)
Adjacency matrix: O(|V|?)

BFS(G.s)

1 foreachvel

2 dist[v] = 00
3 dist[s] =

4 Enqu 8
5 while !EmMpPTY(Q)
6

7
8

u «— DEQUEUE(Q)

Visit(u)
for each edge (u,v) € F
9 if dist[v] = oo
10 ENQUEUE(Q,v)
11 dist[v] — dist[u] + 1

Depth First Search (DFS)

TrREEDFS(T)
1 Pusu(S,Root(T))
2 while 'EmMpPTY(S)

3 v — Pop(S)

4 Visit(v)

5 for all ¢ € CHILDREN(v)
6 PusH(S,¢)

Depth First Search (DFS)

TREEDFS(T) TrREEBFS(T')

1 Pusnu(S,Root(T)) 1 ENQUEUE(Q,RooT(T'))

2 while !EmMpTY(S) 2 while ![EMPTY(Q)

3 v Pop(S) 3 v +— DEQUEUE(Q)

4 VisiT(v) 4 VisiT(v)

5 for all c € CHILDREN(v) 5 for all ¢ € CHILDREN(v)
6 PusH(S, c) 6 ENQUEUE(Q. ¢)

Tree DFS

Y
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Frontier?

10
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DFS on graphs

DFS on graphs

DFS(G) DFS(G)
1 forallveV 1 forallveV mark all nodes as
2 visited[u] «— false 2 visited[u] «— false not visited
3 forallveV 3 forallveV
4 if lwisited[v] 4 if lvisited([v]
5 DFS-Visit(v) 5 DFS-Visit(v)
DFS-VisiT(u) DFS-VisiT(u)
1 wisited[u] — true 1 wisited[u] — true
2 PREVISIT(U) 2 PREVISIT(U)
3 for all edges (u,v) € E 3 for all edges (u,v) € £
4 if lvisited[v] 4 if lvisited[v]
5 DFS-Visit(v) 5 DFS-VisiT(v)
6 PosTVISIT(U) 6 PosTVISIT(U)
DFS on graphs DFS on graphs
DFS(G) DFS(G)
for allv eV forallveV
visited[u] — false visited[u] «— false What happened

if lvisited[v]

1
2
3 forallveV
4
5 DFS-Visit(v)

DFS-VisiT(u)

1 wisited[u] — true

2 PREVISIT(U)

3 for all edges (u,v) € E

4 if lvisited[v]

5 DFS-Visit(v)
6 PosTVISIT(U)

until all nodes have been
visited repeatedly call
DFS-Visit

if lvisited([v]

1
2
3 forallveV
4
5 DFS-Visit(v)

to the stack?

DFS-VisiT(u)

1 wisited[u] — true

2 PREVISIT(U)

3 for all edges (u,v) € £

4 if lvisited[v]

5 DFS-VisiT(v)
6

PosTVIisiT(U)

TrREEDFS(T)
1 PusH(S,Roor(T))

2 while ![EMPTY(S)

3 v« Popr(S)

4 VisiT(v)

5 for all ¢ € CHILDREN(v)
6 PusH(S.¢)

12
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o000 o000
00 00
o0 o0
Ld L]
What does DFS do? Is DFS correct?
Finds connected components Does DFS visit all of the nodes in a graph?
Each call to DFS-Visit from DFS starts exploring a new set
of connected components
DFS(G)
Helps us understand the structure/connectedness of a 1 for allv flt;w[“]  false
graph 3 forallveV
4 if lvisited[v]
5 DFS-Visit(v)
00 00
00 (I3d
o0 (L.
L d L]

Running time?

Like BFS
» Visits each node exactly once

o Processes each edge exactly twice (for an
undirected graph)

o O(|VI+|E])

DAGs

Can represent dependency graphs

shoes

13
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o000 o000
- eoo eo0
Topological sort se &
A linear ordering of all the vertices such that for all TOpOIOglcaI sort
edges (u,v) € E, u appears before v in the ordering -
TOPOLOGICAL-SORT1(G)
X « » 1 Find a node v with no incoming edges
An ordenng of the nodes .thlat ob‘eys the . 9 Delete » from G
dependenmes,_ i.e.an activity can’t happen until it's 3 Add v to linked list
dependent activities have happened 4 TOPOLOGICAL-SORT1(G)
00 00
00 (I3d
o0 (L.
L d L]

Topological sort

ToOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

socks
shoes

Topological sort

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

socks
underwear

s

14
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Topological sort

TOPOLOGICAL-SORT1(G)

Find a node v with no incoming edges underwear

1

2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

Topological sort

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

Topological sort

TOPOLOGICAL-SORT1(G)

Find a node v with no incoming edges underwear

1

2 Delete v from G

3 Add v to linked list
4 TOPOLOGICAL-SORT1(G)

Topological sort

TOPOLOGICAL-SORT1(G)

Find a node v with no incoming edges
Delete v from G

Add v to linked list
TOPOLOGICAL-SORT1(G)

O )

underwear

15
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Topological sort

TOPOLOGICAL-SORT1(G)

Find a node v with no incoming edges
Delete v from G

Add v to linked list
TOPOLOGICAL-SORT1(G)

shoes

O

Topological sort

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

shoes

Running time?

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

Running time?

TOPOLOGICAL-SORT1(G)

‘1 Find a node v with no incoming edges ‘ O(|V|+|E])
2 Delete v from G

3 Add v to linked list

4 TOPOLOGICAL-SORT1(G)

16
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Running time?

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges

2 Delete v from G ‘ O(E) overall
3 Add v to linked list

4 ToPOLOGICAL-SORT1(G)

Running time?

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 ToPOLOGICAL-SORT1(G) ‘

How many calls? V]

Running time?

TOPOLOGICAL-SORT1(G)

1 Find a node v with no incoming edges
2 Delete v from G

3 Add v to linked list

4 ToPOLOGICAL-SORT1(G)

Overall running time?

O(IVI*+|VI [E])

Can we do better? :

TOPOLOGICAL-SORT1(G)

‘1 Find a node v with no incoming edges ‘
2 Delete v from G

3 Add v to linked list

4 ToOPOLOGICAL-SORT1(G)

17
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o
L3
o
oo
Topological sort 2 Topological sort 2 S
TOPOLOGICAL-SORT2(G) TOPOLOGICAL-SORT2(G)
1 for all edges (u.v) € E 1 for all edges (u.,v) € E
2 active[v] — active[v] + 1 2 active[v] — active[v] + 1
3 forallveV 3 forallveV
4 if active[v] =0 4 if active[v] =0
5 ENQUEUE(S,v) 5 ENQUEUE(S,v)
6 while 'EmMPTY(S) 6 while 'EmMPTY(S)
7 u «— DEQUEUE(S) 7 u — DEQUEUE(S)
8 add u to linked list 3 add u to linked list
9 for each edge (u,v) € E 9 for each edge (u,v) € E
10 active[v] «— active[v] — 1 10 active[v] «— active[v] — 1
11 if active[v] =0 11 if active[v] =0
12 ENQUEUE(S,v) 12 ENQUEUE(S,v)
o
o
L3
Ll
o0
[ J

Topological sort 2 Topological sort 2

TOPOLOGICAL-SORT2(G) TOPOLOGICAL-SORT2(G)
for all edges (u,v) € E

active[v] — active[v] + 1 active[v] — activelv] + 1
for allv e V' for allv e V

1 for all edges (u.v) € E 1
2 2
3 3
4 if active[v] =0 4 if active[v] =0
5 5
6 6
7 7

ENQUEUE(S,v) ENQUEUE(S,v)
while 'EMPTY(S) while !EMPTY(S)
u +— DEQUEUE(S) u +— DEQUEUE(S)

8 add = to linked list 8 add = to linked list

9 for each edge (u,v) € E 9 for each edge (u,v) € E

10 active[v] «— active[v] — 1 10 active[v] «— active[v] — 1
11 if active[v] =0 11 if active[v] =0

12 ENQUEUE(S,v) 12 ENQUEUE(S,v)

18
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Running time?

How many times do we process each node?
How many times do we process each edge?

O(IVI + |E)
TOPOLOGICAL-SORT2(G)
1 for all edges (u,v) € E

Connectedness

Given an undirected graph, for every node
u €V, can we reach all other nodes in the

graph?

Run BFS or DFS-Visit (one pass) and mark

2 active[v] — active[v] + 1

3 forallveV nodes as we visit them. If we visit all nodes,
f if (’"”""[ﬂ'] =0 return true, otherwise false.
5 ENQUEUE(S, v)

6 while !EMPTY(S)

7 u «— DEQUEUE(S)

8 add u to linked list Running time: O(|V| + |E])
9 for each edge (u.v) € E

10 active[v] — activelv] — 1

11 if active[v] =0

12 ENQUEUE(S, v)

Strongly connected

Given a directed graph, can we reach any node
v from any other node u?

Ideas?

Transpose of a graph

Given a graph G, we can calculate the transpose
of a graph GR by reversing the direction of all the

edges
G G*

o & o

Running time to calculate GR?  O(|V| + |E|)

19
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Strongly connected

STRONGLY-CONNECTED(G')

Is it correct?

What do we know after the first pass?
« Starting at u, we can reach every node

1 Run DFS or BFS from some node u What do we know after the second pass?
3 if not all mi(les 1\;91 visited « All nodes can reach u. Why?
return lalse
4 Create graph GF by reversing all edge dirctions e We can get from u to every node in GR, therefore, if we reverse
5 Run DES or BES on GF from node u the edges (i.e. G), then we have a path from every node to u
6 if not all nodes are visited
7 return false Which means that any node can reach any other node.
8 return true Given any two nodes s and t we can create a path
through u
Runtime? Detecting cycles

STRONGLY-CONNECTED(G)

RN = SRR

Run DFS or BFS from some node u
if not all nodes are visited
return false
Create graph G® by reversing all edge dirctions
Run DFS or BFS on G
if not all nodes are visited
return false

from node u

return true

O(IVI + |E])

O(IVI + [ED)
o(vD
O(IVI + [E)
OVl + [ED)
o(vI)

Undirected graph
o BFS or DFS. If we reach a node we've seen already, then we've
found a cycle

Directed graph

&

have to be careful

20
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Detecting cycles HE Shortest paths 3

Undirected graph

e BFS or DFS. If we reach a node we’ve seen already,
then we’ve found a cycle

What is the shortest path from a to d?

Directed graph
o Call TopologicalSort
o If the length of the list returned # |V| then a cycle

exists
Shortest paths & Shortest paths 3
BFS What is the shortest path from a to d?

21
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Shortest paths tH Shortest paths 3
We can still use BFS We can still use BFS
Shortest paths tH Shortest paths 3
We can still use BFS What is the problem?

“ “

22
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Shortest paths

Running time is dependent on the weights

2 100

4 200

Shortest paths

200

Shortest paths

Shortest paths

23
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Shortest paths

Nothing will change as we expand the
frontier until we’ve gone out 100 levels

Dijkstra’ s algorithm :

DuKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 prev(v] — null

4 dist[s] — 0

5 @« MaKeHEAp(V')

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)
8 for all edges (u,v) € F

9 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q, v, dist[v])
12 prevfv] — u

Dijkstra’ s algorithm

DUKSTRA(G, ) BFS(G.s)

1 foralveV 1 foreachveV

2 dist[v] — oo 2 dist[v] = o0

3 prevfv] — null 3 distls] =0

4 distls] — 0 7 1 ENQUEUE(Q,s)

5 Qe MakeHEAR(V) 5 while EMPTY(Q)

6 while |EMPTY(Q) 6 u «— DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 Visit(u)

8 for all edges (u,v) € E 8 for each edge (u,v) € £

0 ist(u] + w(u,v) 9 if dist[v] = oo

10 v distlu] + w(u.v) g ENQUEUE(Q,v)
11 DECREASEKEY(Q, v, dist[t]) 1 dist[v] — distu] + 1
12 previel — u ) :

Dijkstra’ s algorithm :

prev keeps track of
the shortest path

DUKSTRA(G, 5)

1 for all 1

2 —og 2 =00

3 @ null 3 distls] =0

4 distls] = - 1 ENQUEUE(Q.s)

5Q - ]\[\KF.HF/\F\:\ ) 5 while EMpTY(Q)

6 while IEMPTY(Q) 6 u — DEQUEUE(Q)

7 w — EXTRACTMIN(Q) 7 Visit(v)

8 for all edges (u,v) € E 8 for each edge (u,v) € E

9 if distv] > dist[u] + w(u,v) 0 if dist[v] = o

10 distlo] — dist[u] +w(u,v) 1o ENQUEVE(Q, )
11 DECREASEKEY(Q. v, dist[v]) 1y dist[v] — dist[u] + 1

24
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Dijkstra’

DUKSTRA(G, 5)

s algorithm

BFS(G.s)

1 forallveV 1 foreachveV

2 dist[v] — oo 2 dist[v] = o0

3 prevfe] — null 3 dist[s| =0

4 dist]s] — 0 [4 Enqueve@.s)

5 Q«— MakeHEAP(V) ‘ 5 while 'EmpTY(Q)

6 while TEMPTY(Q] 6 u «— DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 Visir(u)

8 for all edges (u,v) € E 8 for each edge (u,v) € E

9 if dist[v] > dist[u] +w(u,v) 9 if dist[v] = oo

10 dist[v] — dist[u] + w(uw,v) 1o ENQUEUE(Q, v)
1 DECREASEKEY(Q. v, dist[v]) 1y distlv] — dist[u] + 1
12 previv] — u

Dijkstra’ s algorithm

BFS(G,s)
1 foralveV 1 for each v
2 dist[v] — 2 =
3 prevfv] — null 3 dist[s] =
4 dist[s] — 0 1 ENQUEUE(Q.s)
5 @« MAKEHEAP(V) 5 while 'Emp1v(Q)
6 while |EMPTY(Q) 6 u — DEQI )
7 w — EXTRACTMIN(Q) 7 Visir(v)
8 for all edges (u,v) € E for each edge (u v) e
0 if dist[u] > dist[u] + w(w,0) I o i distlo] — oo |
10 dist[v] — dist[u] + w(u.v) g ENQUEUE(Q,v)
1 DECREASEKEY(Q, v, dist[]) | dist[v] — dist[u] + 1
12 previv] — u

Dijkstra’ s algorithm

BFS(G.s)

1 forallveV 1 foreachv eV

2 dist[v] — o 2 dist[v] = o

3 prevfe] — null 3 dist[s] =0

4 dist[s] — 0 4 ENQUEUE(Q.s)

5 Q< MAKEHEAP(V) 5 while 'EMpTY(Q)

6 while IEMPTY(Q) 6 u — DEQUEUE(Q)

7 u — EXTRACTMIN(Q) 7 Visir(v)

8 for all edges (u,v) € E 8 for each edge (u,v)

a Mot e 9 if dist[]

10 distlo] — distlu] + w(,0) | 10 ENQUELE(Q.2)
i DECREASEREX(@, 0, i) [y distlv] — distlu] + 1]
12

Single source shortest paths | ::

All of the shortest path algorithms we’ll look at
today are call “single source shortest paths”

algorithms

Why?
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DUKSTRA(G, s)
1 foralveV
2 dist[v] — oo
3 prevfv] — null
4 dist[s] — 0
5 @« MakeHEaP(V')
6 while |EMPTY(Q)
7 u «— EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

DUKSTRA(G, s)

1 forallveV
2 dist[v] — oo
3 prev[v] — null

T dist[s] — 0
5 Q«— MAKEHEAP(V)

6 while !EMPTY(Q)

7 u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

DuKsTRA(G, s)

for all v € V.
dist[v] — oo
prev[v] — null

Q — MAKEHEAP(V)

while |EMPTY(Q)

1
2
3
T dist[s] — 0
5
6
7 u «— EXTRACTMIN(Q)

8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — distlu] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u
3
0
1

DuKsTRA(G, 8)
for all v e V.

dist[v] — oo

pr

o[v] — nudl

Q — MAKEHEAP(V)
while !EMPTY(Q)

1
2
3
4 dist[s] — 0
5
6
7

u — EXTRACTMIN(Q)
s for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u
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DUKSTRA(G, s)
1 forallveV
2 dist[v] — oo
3 prevfv] — null
4 dist[s] — 0
5 @« MakeHEaP(V')
6 while |EMPTY(Q)
7 u «— EXTRACTMIN(Q)

8 for all edges (u.v) €

9 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist]u] + w(w,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

DUKSTRA(G, s)

1 forallveV
2 dist[v] — oo
3 prev[] — null

4 dist[s] — 0

5 @« MaKEHEAP(V)

6 while !EMPTY(Q)

7 u «— EXTRACTMIN(Q)

8 for all edges (u,v) € E

a if distu] > dist{u] +w(u )

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

DUKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 prevfv] — null

4 dist[s] — 0

5 @Q«— MAKEHEAP(V)

6 while |EMPTY(Q)

7 u «— EXTRACTMIN(Q)

8 for all edges (u.v) €

9 if dist[v] > dist[u] + w(u,v)

10 dist[v] — dist]u] + w(w,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

mo wo

8 8 8 =

DUKSTRA(G, s)
1 foralveV

2 dist[v] — oo

3 prev[v] — null
4 dist[s] — 0
5

6

7

Q — MAKEHEAP(V)
while 'EMPTY(Q)
u — EXTRACTMIN(Q)

8 for all edges (u,v) € E

a if distu] > dist{u] +w(u )

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

27



4/18/13

DUKSTRA(G, s)

1
2
3

for all v € V
dist[v] — oo
prevfv] — null

dist[s] — 0

5 @« MakeHEaP(V')
6 while !'EMPTY(Q)
7 u «— EXTRACTMIN(Q)
B for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u, v)
11 DECREASEKEY(Q. v, dist[v])
12 prev[v] — u
3
0
1

DUKSTRA(G, s)

1 foralveV
2 dist[v] — oo
3 prev[v] — null
4 dist[s] — 0
5 @« MaKEHEAP(V)
6 while 'EMPTY(Q)
7 u «— EXTRACTMIN(Q)
s for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 prevfv] — u
3
0
1

Heap

B 3
D o«
E «

°
°
DUKSTRA(G, 8) DUKSTRA(G, s) o
1 forallveV 1 foralveV [
2 dist[v] — 0o 2 dist[v] — 0o °
3 prevfv] — null 3 prev[v] — null
4 dist[s] — 0 4 dist[s] — 0
5 @« MakeHEap(V') 5 @« MaKeEHEAP(V)
6 while |EMPTY(Q) 6 while !EMPTY(Q)
7 u «— EXTRACTMIN(Q) 7 u «— EXTRACTMIN(Q)
8 for all edges (u.v) € 8 for all edges (u.v) € E
9 if dist[v] > dist[u] + w(u,v) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
0 dist[o] — dist[u] + w(u, v) 0 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 previv] — u B 3 12 previv] — u B 3
D D o
E « E «
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DUKSTRA(G, s)

1
2
3

forallveV

dist[v] — oo

prevfv] — null
dist]s] — 0

DUKSTRA(G, s)

1 forallveV
2 dist[v] — oo
3 prev[] — null

4 dist[s] — 0
5 @« MaKEHEAP(V)

5 @« MakeHEaP(V') 5
6 while |EMPTY(Q) 6 while !EMPTY(Q)
7 u «— EXTRACTMIN(Q) 7 u «— EXTRACTMIN(Q)
8 for all edges (u,v) € E 8 for all edges (u.v) €
a if distlv] > dist{u] & wlu, ) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
10 distlv] — dist[u] + w(u,v) 0 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 previv] — u B 2 12 previv] — u B 2
D D o
E « E «
3
0
1
°
°
DUKSTRA(G, 8) DUKSTRA(G, s) o
1 forallveV 1 foralveV [
2 dist[v] — 0o 2 dist[v] — 0o °
3 prevfv] — null 3 prev[v] — null
4 dist[s] — 0 4 dist[s] — 0
5 @« MakeHEap(V') 5 Q«— MAKEHEAP(V)
6 while |EMPTY(Q) 6 while !EMPTY(Q)
7 u «— EXTRACTMIN(Q) 7 u «— EXTRACTMIN(Q)
8 for all edges (u,v) € E 3 for all edges (u,v) € E
a if distlv] > dist{u] & wlu, ) Heap 9 if dist[v] > dist[u] + w(u,v) Heap
10 distlv] — dist[u] + w(u,v) 10 distlv] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v]) 11 DECREASEKEY(Q. v, dist[v])
12 previv] — u B 2 12 previv] — u B 2
E S5

D «

Frontier?

D o«
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DUKSTRA(G, s)

1 foralwveV
2 dist[v] — 0o °
3 prev[v] — null
4 dist[s] — 0
5 @« MakeHEaP(V')
6 while |EMPTY(Q)
7 u «— EXTRACTMIN(Q)
8 for all edges (u,v) € E
9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u.v)
11 DECREASEKEY(Q. v, dist[v])
12 prevfv] — u B 2
E 5
2 D «
3
0 All nodes reachable
1 from starting node
) within a given distance

DUKSTRA(G, s)
1 foralveV

2 dist[v] — oo

3 prev[v] — null

4 dist[s] — 0

5 Q«— MAKEHEAP(V)

6 while !EMPTY(Q)

7 u «— EXTRACTMIN(Q)

8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v)
10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap

E 3

DUKSTRA(G, s)
1 forallveV

2 dist[v] — oo

3 prevfv] — null

4 dist[s] — 0

5 @Q«— MAKEHEAP(V)

6 while |EMPTY(Q)

7 u «— EXTRACTMIN(Q)

B for all edges (u,v) € E

9 if dist[v] > dist[u] + w(u,v) Heap
10 dist[v] — dist[u] + w(u.v)

11 DECREASEKEY(Q. v, dist[v])

12 prevvl — u D5

DUKSTRA(G, s)

1 forallveV
2 dist[v] — oo
3 prev[] — null

4 dist[s] — 0

5 @« MaKeEHEAP(V)

6 while !EMPTY(Q)

7 u «— EXTRACTMIN(Q)

8 for all edges (u,v) € E
9 if dist[v] > dist[u] +w(u,v)

10 dist[v] — dist[u] + w(u,v)
11 DECREASEKEY(Q. v, dist[v])
12 previv] — u

Heap
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DUKSTRA(G, s)

NG w

© o

10

12

for all v e V
dist[v] — oo
prev[v] — null
dist[s] — 0
Q — MAKEHEAP(V)
while |EMPTY(Q)
u «— EXTRACTMIN(Q)
for all edges (u,v) € E
if dist[v] > dist[u] + w(u,v) Heap
dist[v] — dist[u] + w(u.v)
DECREASEKEY(Q. v, dist[v])
prev[v] — u

4/18/13
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